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Abstract

The CP violation in the lepton sector for two generations of Majorana neutrinos is dis-
cussed with emphasis on the possibility of CP violation effects in the neutrino oscillations
in a medium. It is shown that there can be some CP violation effect in the neutrino inter-
actions in matter, but the effect does not appear in the oscillation probability calculated in

the relativistic approximation.
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1 Introduction

A large class of grand unification models [1] suggest the existence of massive neutrinos,
implying the possibility of neutrino mixings, oscillations and decays. This has given a new
theoretical impetus to the investigation of the properties of neutrinos. Once neutrinos acquire
mass, there can be some CP violation effect in the lepton sector due to the complex phase
factors in the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [2] for three or more
generations of Dirac neutrinos. If the neutrinos are Majorana particles, there can be a CP
violating phase in the weak mixing matrix even with only two generations of leptons [3, 4, 5].

In this paper we consider two generations of massive Majorana neutrinos and study some
physical consequences of the CP violation phase that appears in the 2 x 2 unitary lepton
mixing matrix.

First we review the argument that shows the presence of CP violation phase in the two
generation Majorana case and summarize briefly the presence or absence of the CP violation
phase in the neutrinoless double beta decay and the two generation neutrino oscillation in
vacuum. We then study whether or not the CP phase will appear in the two generation neu-
trino oscillation in a medium. To this end we discuss the effective potential which neutrinos
experience in matter and the distinction between the weak mixing of the fields and the states
in matter, based on a helicity formalism for Majorana neutrino fields [6], and show that there
can be some CP violation effect in the neutrino interactions in matter. However the effect
does not appear in the oscillation probability calculated in the relativistic approximation.

The organization of this paper is as follows. In section 2 we discuss the mixing of
Majorana neutrinos and show that the weak interaction Lagrangian is CP invariant when
the CP violating phase has the values 0 and /2 by deriving the CP conservation condition
for the mixing matrix [7, 8]. In section 3 the CP violation effect in the neutrinoless double
beta decay is reviewed, and in section 4 the CP violation effect in the neutrino oscillations
in vacuum is investigated. In section 5, we derive the optical potentials in the effective weak
interaction Lagrangian that describes the medium effect, which shows that the interactions
with electrons in matter can in principle break CP invariance. In section 6 the weak mixing

matrices of the fields and of the states are derived in the helicity formalism for the Majorana



neutrinos in matter developed by Giunti, Kim and Lam [6]. In section 7 we discuss the

possibility of CP violation effects in the Majorana neutrino oscillations in matter.

2 Mixing of Majorana Neutrinos

The Majorana mass term in the neutrino Lagrangian is given by

1—— 1 ’
Ly = _i(VL)CMVL - EWMT(VL)C; v = < Vel > , (1)

V;LL
where M is a 2 x 2 complex mass matrix, v, (o = e, 1) are the left-handed chiral neutrino

fields in the weak basis and (v,47,)¢ is the charge conjugate of v,z, given by
(var)® = CrarC™' =Crap" (2)
The charge conjugation matrix C is defined by
ClyrC = —(v")T, Cc=-CT, ct=c. (3)

The complex mass matrix M is symmetric, M’ = M, since

(Z/L)CMI/L = —(I/L)TC_IMI/L = (I/L)TMT(C_l)TVL = (I/L)CMTI/L. (4)
The mass matrix M can be diagonalized by a unitary transformation
UTMU = Mp, (5)

where U is a unitary matrix (U'U = UU' = 1) and Mp, is a diagonal matrix with real and
positive definite eigenvalues ((Mp)r; = midx;, mx > 0) [3, 5]. The mass eigenstate fields x,

defined by

v, = Uxu, XL = Utvr: XL = ( xaz ) ) (6)
X2L
diagonalize the Majorana mass Lagrangian:
1 1 .
Ly = _E(XL)CMDXL - EXLMD(XL) (7)

By introducing the field x:

X:XL+(XL)CZ<X1>a (8)

X2

3



the mass Lagrangian can be written as

1
Lo = —=xMpx = —

5 > XKk Xk 9)
P

N | =

The fields xx (k = 1,2) are Majorana fields since they satisfy the self-conjugate condition

X° =X (10)

The charged lepton current in the weak interaction Lagrangian is given by
3*(2) = 2 (@) v () = 2 L(2)v" Uxe () = 23 Lar(2)7" UarXnr () (11)
a,k

where the two component column matrix ¢7(x) contains the left-handed projections of the

charged lepton fields:

= (2)

For n generations the unitary matrix U contains n? real parameters of which n(n —1)/2 are
rotation angles and n? — n(n — 1)/2 = n(n + 1)/2 are phases. The free Dirac Lagrangian of

the charged lepton fields is invariant under a phase transformation
lo(z) = €70, (). (13)
Hence the phases in the mixing matrix that can be eliminated by a transformation
U — e OU; Oup = 0adap, (14)

are not measurable quantities because they can be absorbed by a redefinition of the charged
lepton fields. Instead the left-handed neutrino fields x; cannot absorb any phase factor
because the Majorana mass Lagrangian (7) is not invariant under a phase transformation
of the fields. Since there are n charged lepton fields, the number of physical phases in the
unitary mixing matrix U is n(n—1)/2—n = n(n—1)/2 [3, 4, 5]. This can be compared with
the case in which the neutrinos are Dirac particles and the unitary mixing matrix contains
(n —1)(n — 2)/2 physical phases since a redefinition of the Dirac neutrino fields can absorb

n — 1 phase factors.



For two generations (n = 2), the mixing matrix U contains one physical phase; this is

characteristic of the Majorana neutrinos. A 2 x 2 unitary matrix U can be written as

w10 cost sin?d 1 0
U=e (O e”)(—sinﬂ cos 0 b |- (15)

The two phase factors on the left side can be eliminated by the transformation given in
Eq.(14) with 6, = 6 and 6, = 6 4+ . Then the mixing matrix U can be written in terms of
two physical parameters, the mixing angle ¥ and a phase 3, as

cos? sin®d e
U= ( —sind cos® e > ' (16)

The phase f is called “CP violating phase” because when 5 # 0 or 8 # /2 the weak
interaction Lagrangian is not CP invariant [9]. In order to proof this statement, we define

the CP transformation of the neutrino fields x4, as
(CP)xx () (CP) ™ = my°Cxr” (27), (17)

where ¥ = (zy, —Z) and 7, are phase factors called CP phases. In order to keep invariant
the mass Lagrangian (7) under CP transformations, the CP phase factors 7, must be .

The charged current weak interaction Lagrangian

Ly (x) = Wy (2)5*(2) + Wi (2)3"(2) (18)

__9
2v/2
is invariant under CP transformation if the charged lepton current transforms under CP as

(CP)j*()(CP) * = n")ji(a"), (19)

u

where (") is the CP phase of the gauge bosons W*. Using Eq.(17), the charged lepton

current transforms under CP as
(CP)j*(z)(CP)™" = =23 Xz (2" I Uakmiyplar (). (20)
a,k

where n{¥) are the CP phases of the charged lepton fields. Hence Eq.(19) is satisfied and CP

is conserved [7, 8] if

O Upery = nWUZ,. (21)



The CP phases of the charged leptons are not measurable quantities since they can be
eliminated by a phase transformation of the fields. Therefore the phases n{) can be chosen
arbitrarily; in order to conserve CP in the one generation case one must choose n")n(® = 4.
Let us choose n"W)n® = 4; then the CP conservation condition for the mixing matrix Eq.(21)

[0

can be written as

U;k = _anknk- (22)

When 8 = 0 in the mixing matrix (16) the CP conservation condition (22) is satisfied for
m = 12 = +1%, namely the two mass eigenstate Majorana neutrino field have the same CP
phase. The CP conservation condition (22) is also satisfied when 8 = 7/2 by taking n; = +i
and 7, = —i, namely the two mass eigenstate Majorana neutrino field have opposite CP
phase. For other values of § the CP conservation condition (22) cannot be satisfied by any
choice of the CP phases 7; and 7, therefore CP is not conserved by the charged current

weak interactions.

3 Neutrinoless Double Beta Decay

In this section we discuss the CP violation effects in the neutrinoless double beta decay.
The neutrinoless double beta decay is a second order process in the perturbative expansion
of the charged current weak interactions in which a nucleus (A, Z) decays into a nucleus

(A, Z + 2) with the emission of two electrons:
(A, Z) - (A, Z+2)+e +e . (23)

The neutrinoless double beta decay can occur if the neutrinos are massive Majorana
particles. Since the nuclear energies are much smaller than the weak gauge boson mass, the
neutrinoless double beta decay can be described by the effective low energy charged current

weak Lagrangian

—2% i (@)y ver (2)To(z) + H.C.

_% > ) U (1) () + H.C. (24)

ngcf () =



where J,(x) is the hadronic current. The lepton part in the amplitude of the (83), decay

is proportional to

ST (75) OIF (sl o 0) 0 (F57) v 25)

Since the neutrino propagator is given by

O (xea ) X5, 0)) 100 = = (F52) 0T () )0y (<52 ) ¢

_i/ d'q (H%) Vg + (H%)C
(2m)* 2 @ —m; 2

_i/(d4q M (H%’)C, (26)

27m)% ¢ — m} 2

the lepton part in amplitude is proportional to

mg T+9\ L.
Z(Uek)Qﬁue(m)V“ (T) Y CUeT(pl), (27)
k 7 — my

where ¢ is the four-momentum of the virtual Majorana neutrino. Since the order of mag-
nitude of the nuclear energies is much bigger than the neutrino masses, the m2 in the

denominator can be neglected and the (55)o, decay rate is proportional to the square of the

effective neutrino mass (m,) given by

(m,,) =

Z(Uek)ka

k

= ‘ml cos® 9 + my sin? Ye#

1/2

= [(ml cos® ¥ + my sin® 9)? — mymg sin? (299) sin? 5] (28)

The presence of the CP violating phase 5 can produce dramatic effects in the magnitude of
the (808)o, decay rate. For a fixed value of the neutrino masses m; and msy and the mixing

angle 9, (m,) is maximal for 8 = 0:

{my) = my cos® ¥ + mg sin® ¥, (29)
and minimal for g = 7/2:

{m,) = my cos? ¥ — mgy sin? V. (30)

Note that for 8 = 7/2 and m; /my = tan? 9 the (33)o, decay rate is zero. As explained in the

previous section, in both of these cases CP is conserved and the cancellations in the (53)o,
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decay rate is due to the fact that the two mass eigenstate Majorana neutrinos have opposite
CP phase [9, 10, 8]. When 3 deviates from the values 0 and 7/2, CP is not conserved and
there is a partial cancellation in the (50)o, decay rate between the contributions due to the

propagators of the two mass eigenstate Majorana neutrinos.

4 Neutrino Oscillations in Vacuum

A relativistic neutrino v, (@ = e, u,7) produced by a weak interaction process can be

described by a superposition of mass eigenstates [6]

|va(P Z k| Xk (P (31)

where the mixing matrix U for two generations is given by Eq.(16) and |xx (7)) is the state of
a mass eigenstate Majorana neutrino y; with momentum p and mass my. In the discussion
of the neutrino oscillations we assume that the weak states |v,(P)) have a definite three-
momentum p, but their energy is not defined since each mass eigenstate has a different
energy which, in the relativistic approximation (m < |p|), is given by

2

m —
Ek:va—i—m%:p—i—z—;; p=|p|. (32)

The weak states given in Eq.(31) at the time ¢ = 0 evolve in time as

va(P Z e P Ui (P))- (33)

In the relativistic approximation, the probability for the transition v, — v after a time
t is
2

P(vg — vg;t) = [(vs(P)|va(P; 1)) Znge ZE’“tU;k

m2 —m
—Z|Uﬂk| Uak!” + 3 UsiUakUsi Uz, exp{%t} (34)
k#j

The probability P(v, — vg;t) is invariant under the phase transformation of the mixing

matrix

Uak — Uak eipk ) (35)



where p; are arbitrary real parameters. The physical n — 1 phases contained in the mixing
matrix U that are characteristic of n generations of Majorana neutrinos, in comparison with
the case of n generations of Dirac neutrinos, can be cancelled by the phase transformation
given in Eq.(35). Therefore the neutrino flavour oscillations depend on only (n—1)(n—2)/2
phases, independently of the Majorana or Dirac character of the neutrinos, namely it is
impossible to distinguish Majorana and Dirac neutrinos in flavour oscillation experiments
[4, 5]. For two generations the transition probability is given by

P(v, — vg; R) = sin®(299) sin’ (%R) ; a#p (36)

where R is the length of flight that for relativistic neutrino is equivalent to the time of flight
(R =1t) and A = m3 — m?. The transition probability given in Eq.(36) is oscillating as
a function of the distance with oscillation length 47E/A and does not depend on the CP
violating phase (3 characteristic of Majorana neutrinos. Therefore there is no CP violation
effect in the two generation neutrino flavor oscillations in vacuum.

The neutrino flavor oscillation is due to the interference of the wave functions of the
different mass eigenstates that propagate with different energies, namely it is a kinematical
effect that occurs independently of the fact that neutrinos are Dirac or Majorana particles
(the total lepton number is conserved). In order to see if the CP violating phases character-
istic of Majorana neutrinos are physically observable quantities in some neutrino oscillation
experiment, one must consider a lepton number non conserving process. For example [11],
consider a neutrino produced at a time ¢ = 0 by the interaction of a positively charged
lepton with a neutron £ +n — v, +p ; the neutrino v, is a superposition of mass eigenstate
neutrinos y that propagate with different energies Ej ; after a time ¢ the neutrino v,(t) is
detected by the process v,(t) +n — 5 +p in which a negatively charged lepton is produced.
The overall process violates the total lepton number conservation (AL = 2) and is analog to
the neutrinoless double 81 decay, with the difference that a real neutrino, instead of a virtual
one, propagate between the two interaction vertices. The amplitude for the overall process
is given by the sum over the index k, that denotes the mass eigenstates, of the product of

the following three amplitudes:



1. The amplitude Agk) for the interaction £f +n — xi + p:

G .
AP = 7; Xk la OV + 75) Uai X (0)1£5) B, (37)

where hg’;) is the hadronic matrix element. This interaction is allowed only if the

neutrinos are Majorana particles, namely x = x¢, in which case

Gr
AP = =25 T (L 75 Vst by (38)

2. The amplitude for the mass eigenstate neutrino y; to propagate from the initial time

t = 0 to the final time ¢:

m2
—iEkt ~ —ipt _a k)t 39
e ~ e """ exp { Z—Qp } . (39)

3. The amplitude Aék) for the interaction xx +n — €5 + p:

AP — 7 (€5 [€5(0)7* (1 + 75) Usi i (0) | xx) hSY)

= "L w7 (1 + v5) Ugiy hs - (40)

Since in the relativistic approximation the k& dependence of the charged lepton and the
hadron parts of the amplitudes (that occurs through the energy-momentum conservation in

the interaction vertices) is negligible, the total amplitude is proportional to

iy +m m .ma
Z ngUake Byt (1 + ’}/5) Zu (1 + ")/5) ~ Z —kngUak exp {—Z—k } . (41)
k Ey r P 2p

Hence the probability of the lepton number non-conserving process under consideration is
proportional to

2

Pasyst) ~ (42)

2
Z @ngUak exp {—i%t}
P 2p

k

2 i 2
= ] * * my — m;
~Y ( k) UstUni|* + 3 ( i a) UseUzyUpiUng xp {ZM }

k p = D >

In the literature this lepton number non-conserving process has been sometimes called

“neutrino-antineutrino oscillation” [12] because if the neutrinos are Dirac particles the first
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interaction creates an antineutrino; we believe that this statement is highly misleading for
two reasons: 1) a lepton number non-conserving processes is possible only if the neutrinos are
Majorana particles, in which case there is no distinction between particle and antiparticle;
2) during the propagation the mass eigenstates xx do not change except for the kinematical
phase factors exp { —iEt} that produces the usual flavour neutrino oscillation. In the lepton
number non-conserving process under consideration there is a mismatch between the helicity
of the propagating neutrino and the chiral character of one of the two interaction vertices
that carry a suppression factor of order m?/p?, as in the case of the neutrinoless double
beta decay. Therefore this process should be called “lepton number non-conserving flavour
neutrino oscillation”. For two generations the probabilities P;_,.(R) and P, are given by

[11]

2

P e(R) ~ e { (ﬁ cos* 9 + 2 sin* 19) + % sin? (249) cos (%R + 2ﬁ> } (43)

p Mgy my
A
Piyu(R) ~ % sin? (20) { (% + Z—i) — 2cos (5}2 + 25) } . (44)

Therefore, the CP violating phases characteristic of the Majorana neutrinos are observable
in the lepton number non-conserving flavour neutrino oscillations, but the experimental
observation of these processes is practically impossible because of the strong suppression
factor m?/p?. As explained at the end of section 2, if CP is conserved then 8 = 0 if the
two mass eigenstate Majorana neutrinos have the same CP phase and § = x/2 if they
have opposite CP phase. Therefore, from Eq.s(43) and (44), the relative sign of the CP
phases of the two mass eigenstate Majorana neutrinos can be in principle measured in the
lepton number non-conserving flavour neutrino oscillations, as in the neutrinoless double

beta decays.

5 Effective potentials in matter

In this section we derive the value of the optical potentials Vo and Vy in the effective
weak interaction Lagrangian that describes the medium effect. The optical potentials are
due to the coherent charged current (V) and neutral current (V) weak interactions with the

particles of the medium. The coherence requirement allows one to write the weak interaction
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Lagrangian only in terms of the neutrino field and the medium effect is described by an optical
potential that depends on the matter density and composition. Therefore the neutrino field
equation is decoupled from the many-body field equations of the medium and can be solved.

Since the weak charged current jC¢(z) is given by

§%(z) = 2 ep(z)yuver (@), (45)

the effective weak charged current interaction Lagrangian can be written as

£679@) = =TF [ dpof (Be, T e o) [en(@)muven (2)7i ()7 er (2) e(pe))  (46)

where f(FE.,T) is the statistical energy distribution function of the electrons in a homoge-
neous and isotropic medium with temperature 7' (we work in the rest frame of the medium)

and it is normalized to
[ dpf (B T) = 1. (47)
The electron part of the matrix element in Eq.(46) can be separated out by a Fierz trans-

formation and is given by

(elpoer@nter@le(p)) = B Sulp)

— %Tr{ﬁe'i'mefyul'i_/%}

2 2F, 2

P
= N,
2F,

(48)

where N, is the electron number density and we have averaged over the electron spin states.

The Dirac spinors have been normalized to

ul(p, s)u(p, s') = vl (p, s)v(p, s') = b,s- (49)

With Eq.(48), the integral factor in Eq.(46) reduces to

M N -9
/dspef(EeaT) ’nge = /dgpef(Ee: T) <'70 - %) = 70- (50)

Hence, we obtain

Gr
V2

£59@) = ~Vo Tr(@ valz)  where Vo= —LaN,. (51)

12



The effective charged current weak interaction Lagrangian does not depend on the temper-
ature of the medium, as long as the medium is isotropic and to the extent that the Fermi
four point interaction is valid.

In the chiral representation for the + -matrices:

(1) (1) ee(20)

a Majorana electron neutrino field v, can be written as

@,
= o) (53)

where ®.(z) is a two-component spinor field. Then the effective weak charged current inter-

Q

o

action Lagrangian can be written as
LS9 (z) = —Ve dl@,. (54)

In a neutral medium the effective weak neutral current interaction Lagrangian is due to
the interaction of the electron neutrino with the neutrons of the medium, since the contri-
butions of the weak neutral current interactions with the electrons and the protons cancel

each other. Following an approach similar to that used to derive Effc}(e) (x), we obtain

_Gr

NRL (55)

LY (z) = —Vy dle,; Vy =

where NV, is the neutron number density.

Thus the total effective weak interaction Lagrangian for a Majorana electron neutrino is

Lo(z) = -V, ola,, (56)

int
where the optical potential for the electron neutrino field is

V;z = VC + VN = %(QNe - Nn) (57)

The optical potential for the muon neutrino field is given by

Vu = VN = _—Nn- (58)
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Hence the effective weak interaction Lagrangian, that describes the medium effects for

two generations in the weak basis, is

D ()
. — _ot . — e
Line(z) = —0(2)VO(2); o (@A@) (59)
where the effective potential matrix is given by
. Ve+Vy O
v=(" ) (60)

The two-component spinor field in the mass basis ®,, is related with the two-component

spinor field in the weak basis ® by the unitary transformation
O =Udy; Dy = ( 1 ) , (61)
o,

where U is the unitary mixing matrix given in Eq.(16). Thus the interaction Lagrangian

Lint(x) in the mass basis is
Ling(@) = =D}y () VarPas () (62)
where the effective potential matrix V), is given by

Vn + Vocos?9  Vesind cos de™
Vi =UWVU = . (63)
Vesintcosde ¥ Vy + Veosin? 9
The effective potential matrix in the mass basis Vs depends on the mixing angle ¥ and on
the CP violating phase 5. The fact that the phase factor g appears in the off-diagonal terms
together with Vi shows that the interactions with the electrons in matter can in principle

break the CP invariance of the Majorana neutrino Lagrangian.

6 Majorana Neutrino Fields in Matter

The effective Lagrangian for two generations of Majorana neutrino fields in the mass

basis can be written as

Lops(@) = SO (@)i7"9,0u(x) (64)

N DN —

(07, (2)i0® Mp® s (z) — B}, (2) Mpic® '}y (z)] — %qﬁw(x)vM@M(x),
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where o# = (1, —&). From the effective Lagrangian we obtain the field equation
(iﬁ“au - VM)(I)M(.’L') =+ MDZO'QCI)RJ(.’E) = 0. (65)

Since the helicity is conserved by the weak interactions of the neutrino with the medium, we
can solve the field equation by expanding the field ®,(z) as a superposition of plane wave

spinors with definite helicity:

u(z) = [ &% { (A (3.1) + BY (B, 1) w(B, +) + [A%)(3,1) + BY (B, 1)] w(B, —)},
(66)
. 3 + . .

where d3p = \/% and ASV[)( p,t) and B )( P, t) are the positive and negative frequency

parts of the fields, the superscript indicates the helicity and w(p, F) are the two-component
ortho-normalized helicity eigenstate spinors:

cos (g) —sin (g) e~
w(p,+) = w(p,—) = (67)

sin (g) e oS (g)

where p = (p, 0, ¢) in the polar coordinate system. They satisfy the following useful relations

(p=[B)): o
% w(P, F) = +w(p,F) (68)
—i0%w* (P, +) = +w(p, F) (69)
w(—P,£) = Fe"w (P, 7). (70)

The field equation (65) yields the equation
(i00 —p — Var) [AS (B,0) + B (B, )] — Mpe® [AG" (=B, ) + B (=5,6)] =0 (71)

for the negative helicity sector; since the analogous equation for the positive helicity sector
can be obtained by replacing p — —p, hereafter we will consider only the negative helicity

sector. The above matrix equation can be written in the component form as

(i0 — p— Var) [T (B,1) + BU(B,1)] — Vaae® [AS) (B, 1) + B (5, 1)]
—mue’ [T (=P, 6) + B{ " (=5,1)] = 0 (72)
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(i00 —p — Vi) [AS (B, 8) + BS(5,0)] — Viae™ [A7(5,1) + B (5, 1)]
— mae™ [AS (=5, 1) + B (=B, 1)) =0 (73)

where V;; are the matrix elements of Vj,. In order to quantize properly the fields ®4(z), we

expand the positive and negative frequency parts A,(C_) (P,t) and B,(c_) (P,t) as a superposition

of energy eigenstates as

I _ . _E5)
A B = Y ol )an(B,—) e T (74)
n=1,2
ip p(=)x( = - - —iB{™)
B (=pt) = Y B (0)aa(B,—) e P (75)
n=1,2

where E(7) are the energy eigenvalues of the negative helicity states (the sum over n goes
from 1 to 2 because there are two degrees of freedom for each helicity eigenvalue). a;(p, —)
and ay (P, —) are operators that obey the canonical anticommutation relations and can be
interpreted as destruction operators for the negative helicity eigenstates [6]. The values of

the coefficients oz,(c_)(p) and ﬁ,(c;)(p) are given by the eigenvalue equation:

(p + V11) mq Vl2€i’3 0 agg)(p) agg)(p)

mi —(+Vu) 0 —Vige™ () ()
= E() (76)

V126_Z’3 0 (p + V22) mo agﬁ) (p) a’g;) (p)

0 —Vipeif ms  —(p+ Vi) 5 () ) (0)

The secular equation of Eq.(76) is quadratic in E{7)’ and gives two positive energy

eigenvalues:
1
B = {0+ Vi + (0 + Vi + Vo) + 5] £ A0} (77)
where > = m? + m2 and
A = {[Acos (20) — 2Ve(p + V)] + [Asin (20)] (78)

Ve [Vg +4(p + Viv)Ve — 24 cos (209) + Esin® (20) — 2mymy sin® (20) cos 25] }1/2 .

The energy eigenvalues depend upon the CP violating phase 3, but for a relativistic neutrino

the dependence is suppressed by a factor of order m/p in comparison with the leading term.
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From the second and fourth row of Eq.(76), we obtain

my (ES) +p+ ‘/22)04171 (p) = myVise Pai) (p)
( +pN)(E +p0)
ma(ES) + p+ Vin)ag, (p) — miVise¥ad,) (p)

(=) _
P = (BS) +py)(BY) +pe) 7

B =

where we have introduced the notations
pN =p+ Vn, pc=p+Vn+Vc. (80)

These equations allow us to decouple the equations for the positive and negative frequency

components of the fields: by elimination of 55;)(19) and Bé; )(p), Eq.(76) reduces to

Ef;) —(p+Vi1) — qu —Vige® + groe P ag;)(P)
=0 (81)
—Vige™# + gipe# Eé_) — (p+ Va2) — qo2 ag;)(P)
where we have defined for simplicity
“ m3(ES ) +p+ Vi)
(BV +py) (B + pe)
_ mimsaVip
di2 = E(_) ( ) (82)
(En” +pn)(En + po)
Go2 = m%(Eﬁf) TP VH)

(EX) +p)(ES) +po)

Equation (81) gives the ratio between the 041(9:1) (p) (k =1,2) and the overall factor in the so-
lutions can be fixed by their normalization. The plane wave expansion of the two-component

Majorana fields @ (x) is given by

o (=) o o
2) = [ 3 {old)®) (B, -) an(5, ) e 1P

n=1,2

. . T ICD P
+ i (p) w(B,+) an(P,+) e P BT

* = = B ipg
—ﬁ@wm4¢mﬂﬂtp}’ 83
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where the coefficients ,B,g:) (p) can be obtained by replacing p — —p in Eq.(76). The four-

component Majorana neutrino field x4 (z) is given by
3 ok, (p) w(P, -) o
)= [dp ¥ o an(B, =) e~ DT

"= Bea () w(B, )

ai) (p) w(p, +)

B, 4) piB-ipa | (84)
ok, (p) w(P, -)
This equation shows that in matter the components of the neutrino fields do not mix in a
simple way as one would have naively expected.
Since the weak states are defined as a mixing of energy eigenstates only in the relativistic
approximation [6], it is useful to see what is the value of the mixing parameters a,(c_)(p) for

m? ~ pV < p?. To order m?/p? ~ V/p we can approximate
(-)?
n

o (85)

where m{)? are the effective squared masses in matter. From Eq.s(77) and (79) the energy

eigenvalues Eﬁl_) are approximated by

1 1
EC) =p+Vn+ ™ [+ 2pVe] £ EA(_) (86)

AC) = /A cos (209) — 2pVe)? + [Assin (20)]7. (87)

The eigenvalue equation (81) can be approximated to

m ) —m? i8 (-)
Tl - Vi —Vige Qip (p)
) =0. (88)
. m(—) —m2 _
—Vige oy T Voo agn)(p)
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The eigenvalues are

1 1
mi = 2pVy + 5 Z+2pVe] £ §A<—>. (89)

The solutions can be parametrized in terms of a mixing angle (=) (p) and the CP violating

phase 3 as

o) || —sin (000)) e o) | | cos (00@) e
(90)
The mixing angle 9(~)(p) is given by
_ 2pVe sin (29)
290 ) = 1
tan ( 7P A — 2pVe cos (29) (o1)

Therefore the relativistic approximation the negative helicity components of the neutrino

fields mix in a simple way through the unitary mixing matrix:

oS (19() (p)) sin (19() (10))

0= — sin (19(_)(;0)) e~ cos (ﬁ(_)(p)) e~

(92)

7 Neutrino Oscillation in Matter

In vacuum a relativistic neutrino produced by a weak interaction process is described by
a superposition of mass eigenstates as given in Eq.(31). In matter the weak states can be
defined in terms of matter energy eigenstates as

va(B. ) = > S&) (@) xa(B, ) (a=e,p) (93)

n=1,2

where |x,(B,—)) (n = 1,2) are the energy eigenstates in matter created by the creation
operators af (7, —). The unitary matrix S (7) depends on the neutrino momentum and
on the matter density.

Since the energy eigenstate evolve in time according to
d .z ; Oy (7
i (By =1)) = Hlxa (P, 1)) = B, [xa(B; —51)); (94)
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the time evolution equation of the weak states is

iqilraB ) = £SO W7, ) (95)

The relativistic approximation to order m?/P? ~ V/P yields
d ; L S 5O (mm 259 (3) s (3
Z__p |y04(pa_;t)> = _Zsan (p)mn Sﬂn (p)‘Vﬂ(p,—,t)> (96)
dt 2p i3

In this equation we need to know the values of the unitary mixing matrix only to zeroth
order in m?/p?> ~ V/p. From the plane wave expansion of the four-component Majorana
field given in Eq.(84), it is clear that the (1+1ys) factor in the weak charged current picks up
only the coefficients a,(c;) (p). In the relativistic approximation the matrix o(7)(p) is unitary
(Eq.(92)), therefore the relativistic approximation for the weak states in matter is
V(P Z kakn P)|Xn (B, —))- (97)
k,,n=1,2

The mixing matrix between the weak states and the energy eigenstates in matter is given by

cos g (p) sin ¢ (p)
SO (p) = UalD*(p) = (98)

—sin () (p) cos ! (p)

where (=) (p) is the effective mixing angle in matter given by
() =0+ 9 (p). (99)

Thus to the lowest order of relativistic approximation the mixing matrix of the states in
matter does not depend on the CP violating phase factor 5.

The time evolution equation Eq.(96) of the weak states becomes
( d E()> ‘Ve(ﬁa_;t)>
vu(B, ;1))

~AOcos (260(p)) A sin (2600)) | [ Ine(B, —31)
_1 (100)

P\ AOsin (2000) A cos (2600) | \ 1w, —5)
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where

2O =m{? 4 m{ 2 (101)
From Eq.s(87), (89) and (91)
) Vo
2 = 54 4p (VN + 7) (102)
A sin <2g0(_)(p)> = Asin (29) (103)
A cos <2<p(_)(p)) = Acos (29) — 2pVe (104)
and the time evolution equation Eq.(100) of the weak states can be written as
(,Ld » b v VC) |Ve(pa_;t)> _
@ Py )| -
vu(B, —31))
] —Acos (29) + 2pVe  Asin (29) |Ve(B, —; 1))
== (105)
P\ Asin (29) Acos (20) — 2pVe | \ |vu(B, —;1))

This equation is the usual MSW time evolution equation for the neutrino oscillations in
matter [13, 14, 15]. Since the MSW time evolution equation does not depend on the CP
violating phase (3, there is no CP violation effect in the flavour neutrino oscillations in matter.

As in the case of the neutrino flavour oscillations in vacuum, in order to see if the CP
violating phases characteristic of Majorana neutrinos are physically observable quantities in
some neutrino oscillation experiment, one must consider a lepton number non-conserving
process. For example, consider the same process as described in section 4 but now the
neutrino is produced, propagate and is detected in a dense medium. The amplitude for the
overall process is given by the sum over the index n, that denotes the energy eigenstates, and

by the average over the neutrino helicities of the product of the following three amplitudes:

1. The amplitude A™™® for the interaction F +n — xn(£) + p, where the notation (%)

denotes the helicity of the Majorana neutrino:

n G R n
AP = TS () 01+ 35) e O0)160) Y
k
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2. The amplitude for the energy eigenstate neutrino x,(£) to propagate from the initial
time ¢ = 0 to the final time ¢:

¢ , t gy (E)2
exp {—z/ E&) dt} ~ e "Plexp {—z/ M } ) (107)
0 0o 2p

3. The amplitude Ag"’i) for the interaction xx(+) +n — €5 + p:

AP = Z (€5 125(0)77 (1 + 5) Usjx; (0)xa () RS
(n)
\/_Zugﬂ'y (14 75)Us, " } hyy . (108)

Using the properties of the two-component helicity eigenstate spinors given in Eq.(69), it
is straightforward to show that the overall amplitude for the lepton number non-conserving

process under consideration is proportional to

() () - rtmf )
Aasp(t) ~ D UgiUan —p ;) (p)ay,”" (p) exp{ —i /0 25 Ut[ %
n,j,k

—

X gy’ <1 0) (1+ 75)7’\11[& +

m; * [t m%+)2
+ B e {~i [ " " ar}

- =

TP

X Ty ( o) (1+ 75)7Auea] RS, (109)

Unfortunately, the expression given above has no clear physical usefulness, since the charged
lepton part of the amplitude cannot be factorized out. In any case, as in vacuum, the
probabilities Ps_5(t) = |As_p(t)|]” depend explicitly on the CP violating phase, but they

are strongly suppressed for relativistic neutrinos by a factor of order m?/p?.
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8 Conclusions

We have demonstrated that the CP violating phase cannot appear in the flavour oscilla-
tion probability of two generations of Majorana neutrinos in matter, as well as in vacuum.
When the neutrinos propagate in a medium, their energy eigenvalues depend explicitly upon
the CP violating phase characteristic of Majorana neutrinos, implying that the medium can
induce CP violation effects. However the CP violation effects disappear in the flavour os-
cillation probability. More specifically, we have derived the MSW equation by defining the
weak neutrino states, namely the states that describe the neutrinos produced or detected in
a weak interaction process, as a superposition of energy eigenstates in the lowest order of
the relativistic approximation. To this order we have shown that there is no CP violation
effect, in spite of the presence of the CP violating phase in the mixing matrix of the fields
in vacuum and in the quantized neutrino fields in matter. On the other hand, the CP vio-
lating phase does appear in the lepton number non-conserving flavour oscillations that are
characteristic of the Majorana neutrinos, both in vacuum and in matter, but the oscillation
probabilities are always suppressed by a factor of order m?/p? that forsake their experimental
usefulness. Therefore, the only promising process in which the CP violation phase may play
an important role is the neutrinoless double beta decay. Once the neutrino properties, such
as the masses and the mixing angles, are determined independently from other processes,
the future observation of the neutrinoless double beta decay can reveal the nature of the CP

violation in the lepton sector.
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